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Free Response Questions Stem Types: Tabular
2020 FRQ Practice Problem BC1

X 1 2 3 4 5
Fl) | 62 30 20 15 12

BC1: The function f is twice differentiable for x > 1 where f(5) = —6. Selected values of the
positive and decreasing function f”, the derivative of f, are given in the table above. The graph
of f' has horizontal asymptote y = 0.

0]

The series Z a, is defined where a,, = f'(n).

n=1

(a) Use a right Riemann sum with the four subintervals indicated in the table to approximate f(1). Is
this approximation an over or under estimate of f(1)? Give a reason for your answer.

f(s)—f(l)zjf'(x)dx = f(1)= ff Jax = f(1)= ff
f(l)**(—6)—[(30)(1)+(20)(1)+(15)(1)+(12)(1)]:(—6)—[(30)+(20)+(15)+(12)]
=(-6)-[77]=-83 f(1)~-83

This estimate is an overestimate because f ’(x) is a decreasing function and the Reimann sum of 77 is an

underestimate so we have subtracted too little.

(b) Evaluate J oof”(x)dx.
1

o

[ 7 (x)ax _££}ff" Jav =tim f*(x)] = tim f*(b) - £(1)]=lim 1*(b) - 62

b—>oo
1

=lim f* ( ) 62 =-62 horizontal asymptote = }Lrg f '(b) =0

b—oo



The problem has been restated.

X 1 2 3 4 5
Fl) | 62 30 20 15 12

BC1: The function f is twice differentiable for x > 1 where f(5) = —6. Selected values of the

positive and decreasing function f”, the derivative of f, are given in the table above. The graph
of f' has horizontal asymptote y = 0.

0]

The series Z a, is defined where a,, = f'(n).
n=1

(© If [*xf (x)dx = —100, find f(1),

fxf”(x)dx )gf”(x)dx uzxzjduzdx ,
1 L dv=f (x)dx:>v=f (x)

dv

? jf’(x)dx :xf’(x)—ff’(x)dx

:U 780 (][ (5=, (]=[(5)012)-(1)(€2)]-[(-6) -+ (1]
=[ (60)- ( 2)+6]+ £ (1)= 4+f()——100:>j()——104

[oe]

(d) Determine if the series 2 (—1)™*1a_converges or diverges. Explain your reasoning.

n=1

o o

Z(_I)M a,= 2[(—1)'H1 /(n)} =62-30+20—15+12---

n=l1
(—l)nﬂ a are alternating a = f’(n) is decreasing
lima =lim f '(n) =0 because f’ has a horizontal asymptote y =0

By the Alternating Series Test z‘(—l)n+l a, converges

n=l1

(e) Consider the series 2 b,, where (1 + 2“”)bn+jL = (a,)!b,. Use the ratio test to determine
n=1

if the series Z b, converges or diverges.

n=1

(1424, (a1, = o) lima, = lim /() =0 because /”hasa

b, (1 +2% ) horizontal asymptote y =0
(o) |_(O) 1

= - = — <1= converges by the Ratio Test.
(1+2“~)‘ 1+2° 2

[im |- hm

n—>o0




Free Response Questions Stem Types: Tabular
2020 FRQ Practice Problem BC2

x 1 2 4 5 8
fx) | -1 4 0 1 7
foo | -6 0 1 2 4
gx) | 5 4 10 12 16
g | -4 5 4 3 1

BC2: The functions f and g are twice differentiable for all values of x. Selected values of f, g and
their derivatives f' and g’ are given in the table above.

(a) Let y = Q(t) be the particular solution to the logistic differential equation % = 3y(g(4) — y).

Find the rate when Q(t) is increasing the fastest.

y=5

d

d—i=0:>y=0 or g(4)-y=0=y=g(4)=10

y =10 is the carrying capacity or horizontal asymptote L

greatest rate of change is when y = g =5 % = 3(5)(g(4) —5) = 3(5)(10 —5) =75

The rate when Q(t) 1s increasing the fastest is 75.

Alarge grocery store, customers are entering and exiting the checkout lines. At time t = 4 minutes,
there are 84 people waiting in line so the manager decides to open up several more checkout lanes.

For 4 < t < 8 minutes, the rate that customers enter a check out line is given by f'(t) and the rate

that customers exit a check out line is given by g'(t) where f" and g’ are measured in people per minute.

(b) Is the number of customers in line increasing or decreasing at time t = 4 minutes?

Let P(t) be the amount of people in line.
PO=r@-gl) P r)-g(E)ei-ams
The amount of people in line is decreasing at time ¢ =4 minutes because P’(4) <0.

(c©) Find the number of customers in line at time t = 8 minutes.
P(8)=P(4)+ !P’(t)dt =84+ _![f’(t)— g'(¢)]de = 84+[f(t)—g(t)]i
s+ 1 (8)(8) - 1 (4) - a(4)] =84+ [(7)-(16)] -[(0)- (10] =85



The problem has been restated.

X 1 2 4 5 8
fo | -1 4 0 1 7
foo | -6 0 1 2 4
gx) | 5 4 10 12 16
g | -4 5 4 3 1

(d) Lets(x) = %. Find s'(2).

) B0 B6) o (2)-%() _(6)53(4)_1s_1
(3x) (6) 36 36

Let H(x) = 3x + fx g(x) dx.

1

(e) Find H (2) and H (2).
H'(x)=3+g(x")(2x) = H’(2)=3+g(4)(4)=3+(10)(4) =43

1 (x) = g (x*)(2)+&'(x*) (24)(2¥)

(2= £(4)(2) 2 (4)4(4) = (10)(2)+ (4) 4)(4) =20+ =s4

(f) Find the second degree Taylor polynomial for H(x) centered at x = —1.

=3(-1)+ { g(x)=-3 H'(-1)=3+g(1)(-2)=3+(5)(-2)=-7

H”(-1)=g(1)(2)+ 2’ (1)(-2) =(5)(2)+(~4)(=2) =10-16=—6

H”(-1 )
X (x + 1)

P(x)=H(=1)+H'(-1)(x+1)+

P (x)= (—3)+(—7)(x+1)+(_—6)(x+1)2 =(-3)=7(x+1)=3(x+1)°



Free Response Questions Stem Types: Tabular
2020 FRQ Practice Problem BC3

X 1 2 3 4 5
Fl) | 62 30 20 15 12

BC3: The function f is twice differentiable for x > 1 where f(5) = —6. Selected values of the
positive and decreasing function f’, the derivative of f, are given in the table above. The graph

of f' has horizontal asymptote y = 0.

0]

The series Z a, is defined where a,, = f'(n).

n=1

0 n
(a) Evaluate J f (1 —3x)dx.
-1

y 0

J}l.f”(l—&c) dx = }1/‘”(1— 3x)(-3xdx) dx= %Jf"(il")(i,”’i)

=239 =2 (-30) - (-3 =0 0]
-3l@)-05)--%

(b) Evaluate Lm f”(x) sin (f’ (x)) dx

b

o

Jf ( )sm dx —hmjf” sm dx —llszin(j‘”M(f"’(x)dx)

b—oo

3 s u du

= lim[—cos f’(x)]: = lim[—cosf’(b)+cosf’(S)] = })iﬁrg[—cosj"(b)+cos(12)]

b—eo b—oo

=—limcos [’ ( )+cos(12):—cos(0)+cos(12):—1+cos(12)

b—oo

horizontal asymptote = }im f’(b) =0

(c) Write an equation of the line tangent to f(x) at x = 5. Use the tangent line to
approximate f(5.1).

T(x)=£(5)+ £(5)(x=5)=(-6)+12(x-5)
2(5.1-5)=(-6)+12(0.1)=(=6)+(1.2) =—4.8



The problem has been restated.

X 1 2 3 4 5
Fl) | 62 30 20 15 12

BC3: The function f is twice differentiable for x > 1 where f(5) = —6. Selected values of the

positive and decreasing function f”, the derivative of f, are given in the table above. The graph
of f' has horizontal asymptote y = 0.

0]

The series Z a, is defined where a,, = f'(n).

n=1

(d) Use Euler’s method, starting at x = 5 with two steps of equal size, to approximate f(3).
X f(x) dy = f’(x)dx
50 -6 | (12)(-1)=-12
4| -18 | (15)(-1)=-15
3] 33

(e) Use a left Riemann sum with the four subintervals indicated in the table to approximate the arc length
of f(x) over the interval x = 1 to x = 5.

5

L:J 1+[f’(x)]2dx

1

e LT e LT 01O )+ L] )
:\/1+(62)2 +\/1+(30)2 +\/1+(20)2 +\/1+(15)2

: 100 =
(f) Forx = 6, f (x) = —&. Find Z a,.
2 n=6

- - =100 100 100 100 1 100
a = (n)= = + + +---=> geometric series with r = —,a = —

; n ;f( ) %211 26 27 28 g 2 26

ia ~100/2° 100/2° 200

~ n 1_1 l 26

2 2



Free Response Questions Stem Types: Tabular
2020 FRQ Practice Problem BC4

x 1 2 4 5 8
fx) | -1 4 0 1 7
foo | —6 0 1 2 4
gx) | 5 4 10 12 16
g | -4 5 4 3 1

BC4: The functions f and g are twice differentiable for all values of x. Selected values of f, g and
their derivatives f' and g’ are given in the table above.

(a) Let k be the function defined by k(x) = f (g(x)), x=1 .Is k continuous at x = 1?
x+cos(f(x)), x>1

Why or why not?

lim(g(x))=5= lim f*(u) =2
hm[ f(x)] =1= lim[qucos(u)] = 1+cos(1)

x—l1* u—1*

7(&(1)=1(5)=2

k(x) 1S not continuous because hrrllk(x) does not exist.
X—

(b) Let h(x) = f(g(2x)). Find h'(1).

= (eCo)(z o))
h’(l) 72 2)2)= rEE)R)=107(4)=100)=10

4
(¢) Find J f1(2x = 3) dx.
2

4

Jx-3ae= 1 r(2-3)) = 1 8-3)- £(a-3))= L)~ (0]

2



The problem has been restated.

x 1 2 4 5 8
fx) | -1 4 0 1 7
foo | -6 0 1 2 4
gx) | 5 4 10 12 16
g | -4 5 4 3 1

BC4: The functions f and g are twice differentiable for all values of x. Selected values of f, g and
their derivatives f' and g’ are given in the table above.

(d) Use Euler's method with two steps of equal size starting at x = 1 to approximate £(3).

x| f(x)| dv=r"(x)dx
1 =1 | r(1)(1)=-6
2| =7 | £(2)(1)=0
3| -7

Alarge grocery store, customers are entering and exiting the checkout lines. At time t = 4 minutes,
there are 84 people waiting in line so the manager decides to open up several more checkout lanes.

For 4 < t < 8 minutes, the rate that customers enter a check out line is given by f'(t) and the rate

that customers exit a check out line is given by g'(t) where f" and g’ are measured in people per minute.

(e) Approximate f ”(4.5). Using correct units, interpret the meaning of this value in context of the problem.
las) LB 201
o 5-4 1

f "(4.5) is the rate at which the rate of customers entering the line is

1

changing in people per minute per minute at 7 = 4.5 minutes.

(f) Is there a time t for 4 < t < 8 such that the number of customers in line is not changing?
Give a reason for your answer.

P’(x) is continuous because f and g are twice differentiable so f” and g’ are continuous.
P(4)=1(4)-g'(4)=-3 P/(8)=7(8)-'(8)=3
The Intermediate Value Theorem guarantees there is a number ¢ between 4 and 8 where P’(c) =0

since P’(c) =0 is between P’(4) and P’(S).



Free Response Questions Stem Types: Tabular
2020 FRQ Practice Problem BC5

x 1 2 4 5 8
fx) | -1 4 0 1 7
foo | -6 0 1 2 4
gx) | 5 4 10 12 16
g | -4 5 4 3 1

BC5: The functions f and g are twice differentiable for all values of x. Selected values of f, g and
their derivatives f' and g’ are given in the table above.

(a) Let m(x) = f(x%). Find m'(2).
m'(x)= 17(x°)(3x%) = m'(2) = f’(23)(3(2)2) =4(12)=48

g(f(0)) —x

(b) Evaluate }Cl_r>r51 2 _ 25
lxiirsl[g(f(x))—x}zg(f(S))— =g(1)-5=5-5=0 lim| x* ~25]=25-25=0

5
g(f(x)=x_ . &) (x)=1_e (s () (s)-1

hm = hm =

=5 x2-25 5 2x 10
I'Hospital's Rul
_Z)@)-1_(H4)@)-1_ 9
S0 1010
(¢) Find f Bxg"(x) dx.
1
8
u=x=du=dx
st Lol -fewar IR

- [xg’@?)]f ~[2(x)]; =[82(8)~='(1) - [2(8)~2(1) ]=[8(0) ~(~4)]-[(16)(5)]
=[8+4]-[11]=1
(d) Letp(x) =g ( f' (x)) . Use a right Riemann sum with three subintervals indicated in the table to

8
approximate f p(x)dx.
2

8

{P(x)dx =[2(4)2)+ p(5)(1)+ p(8)(3) ]+ (1 (4))(2)+ & (17(5))(1) + & (17(8))(3) ]
=[2()2)+£2)(1)+(4)E))=[()2)+(4)1)+(10)(3)] =44



The problem has been restated.

x 1 2 4 5 8
fx) | -1 4 0 1 7
foo | -6 0 1 2 4
gx) | 5 4 10 12 16
g | -4 5 4 3 1

BC5: The functions f and g are twice differentiable for all values of x. Selected values of f, g and
their derivatives f' and g’ are given in the table above.

For t > 1, particles P and Q move along the x axis with velocities f(¢t) and g(t) respectively.
Attime t = 1, particle P is at position x = 4 and particle Q is at position x = —2.

(e) Use a left Riemann sum with the three subintervals indicated in the table to approximate the position
of particle P at time t = 8.
8

P(8)= P(2)+IP'(z)dz = 4+{j'(r)dt =4+] 7(2)(2)+ £(4)(1)+ 1(5)(3)]
=4+[(4)(2)+(0)(1)+(1)(3)J=4+[11]=15

P(8)=15

(f) Att = 1, are particles P and Q moving toward or away from each other? Explain your reasoning

P(l) =4 and P’(l) = f(l) =—1 = Particle P is moving left from x =4
Q(l) =-2and Q’(l) = g(l) =5 = Particle Q is moving right from x=-2

The particles are moving toward each other.

(g) Is particle Q speeding up or slowing down at time t = 1? Give a reason for your answer.

o()=g()=s  o"(1)=¢g(1)=—4
The particle Q is slowing done because the velocity Q'(l) and the acceleration Q"(l)

have different signs.



